Abstract. We exhibit a family of real rotation groups whose subspace arrangements are not contained in that of any real reflection group, answering a question of Martino and Singh.
Introduction
Let V be a finite-dimensional vector space over some field, and let G be a finite subgroup of the general linear group GLpVq on V. An element g P G is a reflection if its 1-eigenspace has codimension one, and a bireflection if it has codimension at most two. If g's 1-eigenspace has codimension exactly two and V is an R-vector space, g is also called a rotation. If G is generated by its reflections (respectively bireflections, rotations), it is called a reflection (respectively bireflection, rotation) group.
Reflection groups are a topic of longstanding interest, with a beautiful and developed body of theory (e.g. see [Hum90] , [LT09] for the real and complex cases, respectively). As an illustration, they are precisely those finite linear groups whose algebras of invariants are polynomial, at least when the field characteristic does not divide the group order, by the celebrated Chevalley-Shephard-Todd theorem.
In the last four decades, bireflection groups have also turned out to have invariant-theoretic significance; see [ES80] , [KW82] , [Kem99] , [LP01] , [GK03] , [Duf09] , [DEK09] , [BSM18] . In addition, in the real case, Christian Lange [Lan16] has recently shown that bireflection groups (also known, when working over R, as reflection-rotation groups) are characterized by a remarkable topological property: they are exactly those finite groups G of linear automorphisms of R n such that the orbifold R n {G is a piecewise-linear manifold (possibly with boundary). Lange's result is by way of a full classification of reflection-rotation groups jointly accomplished with Marina Mikhaîlova [LM16] , completing a program developed by Mikhaîlova in the 1970's and 1980's ( [Mae76] , [Mik78] , [Mik82] , [Mik85] ).
Thus bireflection groups have emerged as a natural generalization of reflection groups and a natural object of study in their own right. It is in this context that Martino and Singh [MS19] studied the subspace arrangements of such groups. For a finite subgroup G Ă GLpVq, the subspace arrangement A G of G is the arrangement of subspaces (in V) of fixed points of nontrivial isotropy subgroups of G. For finite (real or complex) reflection groups W, the subspace arrangement A W is just the set of reflecting hyperplanes and their intersections. This is a well-studied object (e.g. [OS82] , [OS83] , and Chapter 6 of [OT92] ). Working in the real case, Martino and Singh verified that for any rotation group G of degree ď 3 (i.e. for which dim V ď 3), there exists a (real) reflection group W acting on V such that A G is contained in A W , and they asked ([MS19, Question 1]) whether this holds in general.
The purpose of this note is to present an example showing that it does not, and in fact, a failure already occurs for an infinite sequence of groups in degree 4. Theorem 1.1. Let G " Gpm, 1, 2q Ă GLp2, Cq. Consider G as a subgroup of the orthogonal group O 4 pRq by identifying C 2 with R 4 . Then for m sufficiently large, G is a rotation group such that A G is not contained in A W for any real reflection group W Ă O 4 pRq.
Notation and terminology are fixed in section 3, where we also recall the needed basic facts from the theory of reflection groups. The proof is in section 4.
We expect that a closer study of Lange and Mikhaîlova's classification [LM16] will reveal that, apart from those rotation groups that are explicitly constructed as subgroups of reflection groups (e.g. the alternating subgroups of reflection groups), almost all rotation groups will have subspace arrangements not contained in that of any reflection group.
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Preliminaries
By and large we follow the notation of [MS19] . Fix a vector space V and a finite subgroup G of the general linear group GLpVq on V. For any subgroup H Ă G, V H denotes the subspace of fixed points of H:
Recall that an isotropy subgroup H for the action of G on V is the stabilizer tg P G : gv " vu of a vector v P V. As mentioned above, the subspace arrangement of G is the collection of the subspaces V H as H varies over the nontrivial isotropy subgroups of G: .44]) that the isotropy subgroups in a reflection group are generated by the reflections they contain. Throughout, for any group of linear automorphisms of a vector space, we use the word degree [of the group] to refer to the dimension of the space being acted on.
For a triple of natural numbers pm, p, nq with p a divisor of m, the group Gpm, p, nq Ă U n is defined to be the group of unitary nˆn matrices generated by (a) the diagonal matrices whose diagonal entries are mth roots of unity and whose determinant is an m{pth root of unity, and (b) the permutation matrices. This notation was introduced by Shephard and Todd in [ST54] , which gives a complete classification of complex reflection groups. (For an exposition of this classification, see [LT09, Chapter 8] .)
The group of interest in this note is G " Gpm, 1, 2q, consisting of the 2ˆ2 matrices of the formˆζ
where ζ " e 2πi{m and j, k are any integers modulo m. Abstractly, this is the wreath product C m ≀ S 2 of a cyclic group of order m by the symmetric group on 2 letters. Any complex reflection group, and thus G in particular, becomes a real rotation group by regarding the space on which it acts as a real vector space. Thus, identify C with R 2 via the R-basis 1, i. Then multiplication by e θi P C (for θ P r0, 2πq) acts on R 2 via the standard 2ˆ2 rotation matrix R θ "ˆc os θ´sin θ sin θ cos θ˙, so the canonical action of G on C 2 by matrix multiplication becomes an action on R 4 , embed-
here the images are 4ˆ4 matrices in block form. Let x, y be the standard coordinate functions on C 2 , which become complex-valued functions on R 4 via the identification. For the rest of this note, we fix V " C 2 » R 4 and move freely between these real and complex points of view. We reserve the words line and plane for when we are working in the real point of view: they always mean linear subspaces of V of R-dimension one and two respectively.
We make use of the classification theorem for (finite) real reflection groups and its standard notation (see [Hum90,  Chapter 2] for example). In particular, we need the facts that (i) a reflection group splits as a direct product of irreducible factors acting in orthogonal subspaces (see [Hum90, §2.2]), and that (ii) the only degree in which there are infinitely many inequivalent irreducible real reflection groups is 2 (see [Hum90, §2.
4-2.7]).
We mention that what we here call bireflection groups, following [Kem99] , [LP01] , [GK03] , [DEK09] , are referred to by Martino and Singh in [MS19] as groups generated in codimension two. If a group is generated by bireflections and contains no reflections, Martino and Singh say it is strictly generated in condimension two. The terminology of reflection-rotation groups, i.e. bireflection groups over R, is used by [LM16] , [Lan16] , and [MS19] as well.
The example
Take G " Gpm, 1, 2q as above. See the previous section for all notation; in particular recall that x, y are the (complex-valued) coordinate functions on V seen as C 2 .
We begin by describing A G explicitly. This description follows from the more general description of A G for Gpm, 1, nq given in [OT92, Example 6.29 and §6.4]. (One verifies it easily by adopting the complex point of view and looking for the 1-eigenspaces of the matrices in G.) Lemma 4.1. The nonzero elements in the subspace arrangement A G of G Ă O 4 pRq consist of m`2 planes that intersect pairwise trivially, and nothing else. They can be described by the equations x " 0, y " 0, and y " ζ j x for j " 0, . . . , m´1. Now we view V as R 4 and show that the elements of A G just described cannot all nontrivially meet the same plane. The plan of the proof of Theorem 1.1, in outline, is to show that for m sufficiently big, all reflection groups W of degree four such that A W is big enough to contain A G have the property that there is a pair of planes V 1 , V 2 in V such that all of the planes in A W are either equal to one of them or meet both (nontrivially). It will follow that the planes of A G cannot be among these, since they do not all meet the same plane and also do not meet each other.
Lemma 4.2. Suppose P Ă V is a plane (i.e. real two-dimensional subspace) that meets both tx " 0u and ty " 0u nontrivially. Then it meets at most one of the other subspaces ty " ζ j xu nontrivially.
Proof. Let v P P X ty " 0u and w P P X tx " 0u be nontrivial points of intersection. Let x ‹ " xpvq and y ‹ " ypwq.
Note that ypvq " xpwq " 0, while x ‹ , y ‹ are nonzero since v, w are nontrivial. Since tx " 0u and ty " 0u are complementary, v, w are linearly independent, and thus we have P " tav`bw : a, b P Ru.
Since x, y are R-linear (in fact, C-linear, but we don't need this) functions V Ñ C, we have
If u " av`bw P P is any point that does not lie on tx " 0u or ty " 0u, it follows that a, b ‰ 0. Since a, b are real, b{a is real, and it further follows that the nonzero complex number ypuq{xpuq " pb{aqpy ‹ {x ‹ q has the same argument as y ‹ {x ‹ , i.e. its argument does not depend on a or b. Thus the function ϕ from P 1 " Pzptx " 0u Y ty " 0uq to the unit circle S 1 " tz P C : |z| " 1u Ă C given by ϕpuq " ypuq{xpuq |ypuq{xpuq| is defined and has a constant value on all of P 1 . Now if P intersects any ty " ζ j xu nontrivially, it does so away from tx " 0u and ty " 0u, since tx " 0u X ty " ζ j xu " ty " 0u X ty " ζ j xu " t0u by Lemma 4.1. It follows that ϕ is defined and constant along the set of all nonzero intersection points between P and any of the subspaces ty " ζ j xu. In particular ϕ can take at most one of the values ζ j , j " 0, . . . , m´1, along this set of intersection points.
But meanwhile, ϕ has a constant value of ζ j along each of the subspaces ty " ζ j xu (away from zero). It follows that P can intersect at most one of them nontrivially.
Corollary 4.3. If m ě 2, no plane P Ă V can intersect every one of the subspaces described by Lemma 4.1 nontrivially.
Proof of Theorem 1.1. For the remainder of the argument, we ensconce ourselves in the real point of view. We show that the subspace arrangement A G described by Lemma 4.1 cannot be contained in the arrangement A W for any real reflection group W, as long as m is sufficiently high. Now A G cannot be contained in any A W that it exceeds in cardinality. There are only a finite number of inequivalent irreducible real reflection groups W in any degree except two, and therefore (in view of the fact that all reflection groups split as direct products of irreducible factors) only a finite number of real reflection groups in degree four containing an irreducible direct factor of degree three or four. Thus it is possible to choose m large enough so that |A G | is larger than |A W | for any W chosen from among these, since |A G | rises linearly with m by Lemma 4.1.
We have therefore achieved the stated result unless W is reducible with all irreducible direct factors of degree ď 2, so we can restrict attention to this case. Then V has an orthogonal decomposition V 1 ' V 2 with dim R V 1 " dim R V 2 " 2, such that W is generated by elements that act as reflections in V 1 and fix V 2 pointwise, and elements that act as reflections in V 2 and fix V 1 pointwise. (We do not assume here that W's actions in V 1 and V 2 are irreducible.) Thus all the reflecting hyperplanes of W either contain V 2 and intersect V 1 in a line, or vice versa.
Since A W consists of the reflecting hyperplanes and their intersections, the planes of A W are precisely the pairwise intersections between reflecting hyperplanes. These can have two forms:
Any two distinct reflecting hyperplanes containing V 1 have a two-dimensional intersection containing, and thus equaling, V 1 . So it is possible that V 1 P A W . Likewise, the possibility that there are two reflecting hyperplanes both containing V 2 shows V 2 can be in A W .
If a plane of A W is not V 1 or V 2 , it is not the intersection of two reflecting hyperplanes that both contain one of them. Thus it must be the intersection of a reflecting hyperplane M 1 that contains V 1 and intersects V 2 in a line, with another reflecting hyperplane M 2 that contains V 2 and intersects V 1 in a line. This intersection M 1 X M 2 is a plane containing, and thus spanned by, the lines M 1 X V 2 and M 2 X V 1 . (Note they are distinct because V 1 K V 2 .) In particular, it meets both V 1 and V 2 in a line. Thus every element of A W that is not V 1 or V 2 must meet each of them in a line.
To summarize: if W is a real reflection group with no irreducible factors of degree greater than 2, then there exists a pair of orthogonal planes V 1 , V 2 Ă V such that every plane in A W has the property that either it is equal to one of them, or it meets both of them in a line. Thus, if A G Ă A W , then each of the planes described by Lemma 4.1 has this property as well.
For m ě 2, this is impossible. It cannot be that any of the planes of Lemma 4.1 is equal to V 1 or V 2 , for all but at most one of the others would then have to meet it in a line, and yet we know all the pairwise intersections are trivial. Meanwhile, if none of them is equal to V 1 or V 2 , then all of them have to meet both V 1 and V 2 nontrivially. But Corollary 4.3 shows that if m ě 2, it is not possible for all of them to meet either V 1 or V 2 nontrivially, let alone both.
